ABSTRACT: A novel mesoscale state comprising of an ordered polar vortex lattice has been demonstrated in ferroelectric superlattices of PbTiO 3 /SrTiO 3 . Here, we employ phase-field simulations, analytical theory, and experimental observations to evaluate thermodynamic conditions and geometric length scales that are critical for the formation of such exotic vortex states. We show that the stability of these vortex lattices involves an intimate competition between longrange electrostatic, long-range elastic, and short-range polarization gradient-related interactions leading to both an upper and a lower bound to the length scale at which these states can be observed. We found that the critical length is related to the intrinsic domain wall width, which could serve as a simple intuitive design rule for the discovery of novel ultrafine topological structures in ferroic systems.
A rtificial superlattices consisting of repeating layers of multiple solids have attracted broad attention within the solid-state community. 1−12 They offer additional degrees of freedom (beyond conventional "strain engineering") by which one can design multifunctional thin-film materials, wherein unit cells of combinations of solid materials are periodically stacked, often giving rise to novel emergent phenomena. 6−8 Within the realm of complex ferroelectric oxides, for instance in PbTiO 3 / SrTiO 3 (PTO/STO) superlattices, various novel phenomena and polar domain states have been observed (e.g., "improper ferroelectricity" appears in short period superlattices; 10, 11 ordered vortex arrays form in intermediate period superlattices; 12 and flux-closure domain structures exist in PTO/ STO multilayers and large period superlattices; 13 etc.). These states arise from complex interplay of competing energies, including depolarization, polarization/chemical gradients, longrange elastic interactions, and interfacial coupling, which dominate at different length scales and thus produce such exotic thickness-dependent ground states. 9, 14 A vortex is an intriguing topological structure, which attracts broad attention in the scientific community from various perspectives, including polar vortices in meteorology and astronomy, vortex flow in fluid mechanics, spin spirals and skyrmions in ferromagnetics, etc. Ferroelectric vortex states (characterized by the continuous rotation of ferroelectric polarization around a vortex core, and analogous to those found in magnetic systems) have been theoretically predicted in ferroelectric nanoparticles and nanodots (often termed "zerodimensional ferroelectrics" 15−22 ), nanoplatelets, 23 nanosheets, 24 nanotube 25 and superlattices, 11, 26 but long-range vortex ordering has not been deterministically isolated in experiments. A breakthrough was recently achieved in superlattices of (PTO) n / (STO) n on DyScO 3 (DSO) (110) o substrates which exhibit ordered arrays of vortices for intermediate values of n (∼10− 16, number of unit cells). 12 Along with the excitement for emergent functionalities in these vortex states and their technological implications, a number of fundamental questions arise regarding their origin and thermodynamic stability. In this work, we explore the following questions: (1) What are the chemical, electrostatic, and mechanical boundary conditions that promote the formation of such a vortex lattice in ferroelectric superlattices? (2) What is the length scale at which the vortex lattice is stable over competing ferroelectric states? (3) What is the role of the STO layers, and how can we engineer new phases by tuning these layers?
To address these questions, we employ phase-field modeling in conjunction with a Ginzburg−Landau based analytical model to explore the stability of the vortex structure as a function of superlattice periodicity and STO layer thickness. Over the last two decades, phase-field modeling has been widely employed to study the domain structure and evolution in ferroelectric thin films 27−30 and has also been successfully extended to unveil the domain structures, switching kinetics, phase diagrams, and physical properties for a variety of superlattice systems. 31−33 In the phase-field approach, the spatially dependent polarization vector P ⃗ = (P x , P y , P z ) is selected as the order parameter to describe the polar states. The evolution of this polarization is governed by the time-dependent Ginzburg−Landau (TDGL) equations and driven by the minimization of the total energy, which is comprised of chemical, elastic, electric, and polarization gradient energies. 28 An iterative perturbation method is adopted to accommodate for the elastic anisotropy and inhomogeneity of the PTO and STO layers when solving the mechanical equilibrium equations. 34 The short-circuit electric boundary condition is applied at the top surface of the superlattice film and the film/substrate interface. A thin-film mechanical boundary condition is used, where the top surface of the superlattice film is assumed to be stress free while the displacement at the substrate bottom sufficiently far from the film/substrate interface is fixed to zero. 27 The calculation details, as well as the related parameters, can be found in the literature 27,35−39 and are further explained in the Supporting Information.
We start by exploring the phase-field simulation results for a (PTO) 10 /(STO) 10 superlattice coherently strained to a DSO (110) o substrate, a model system that has demonstrated ordered vortex arrays in previous experiments. 12 The pseudocubic lattice parameters of PTO and STO are set as 3.957 and 3.905 Å, respectively, 35, 36 while the anisotropic inplane lattice constants for DSO are set as 3.952 and 3.947 Å 38 to determine the effective substrate strain. It is easily seen that the calculated polarization distribution (Figure 1a ) in the PTO layers mimics the ordered vortex lattice. The zoom-in of a single vortex in the PTO layer clearly shows the continuous rotation of polarization vectors surrounding the vortex center (Figure 1b) , which is experimentally confirmed by the highresolution transmission electron microscopy (HRTEM) . Both the simulation and experimental results indicate that the size of each vortex is 4−5 nm for this particular superlattice periodicity. We also note that in contrast to the flux-closure polarization structures, 13,40−42 where abrupt polarization changes occur only near the distinct domain wall area, the vortex structures exhibit a continuously rotating polarization. The vortex state is distinctly different and represents a highly inhomogeneous polarization mode that is characterized by a one-dimensional singularity at the vortex core as against two-dimensional domain walls that appear in the flux-closure structures. The vortex core structure in the ferroelectric system is unique as compared to the topologically protected vortex core in magnetic systems where the magnitude of polarization exhibits a huge decrease near the core due to the strong anisotropy in the ferroelectric system. Furthermore, a planar section (Figure 1c ) of the PTO layer reveals that the vortices form long chains along the axial direction, often intersecting other vortices in a classic dislocation-like pattern, in excellent agreement with planar section TEM studies. 12 A magnified view of this planar section (Figure 1d ) shows the in-plane polarization of neighboring vortices pointing tail-to-tail and separated by an out-of-plane polarization region confirming the antirotation relationship between neighboring vortex pairs throughout the axial direction.
To find the intrinsic thermodynamic stability region for the vortex states, we analytically predict the emergence of the vortex states following references 43−45 using a simplified twodimensional (2D) model. The local free energy of the x−z 2D system can be written as 
where the a-parameters are the modified Landau coefficients under the thin-film boundary condition; 46 g 0 is the isotropic gradient energy coefficient; E x and E z are the x and z components of the local electric field, respectively (which is composed of externally applied field and depolarization field). ε 11 and ε 33 are the background dielectric constants. The mechanical effects are effectively included in the modified Landau coefficients through the thin-film boundary condition. Minimizing the total free energy with respect to P x and P z , one can deduce (2) 
where the curl of the electric field is zero because no magnetic field is involved:
The electrostatic equilibrium is
In the vicinity of the vortex core, one can explicitly deduce a relationship between the vortex aspect ratio r (ratio of vortex in-plane size, d, to the superlattice periodicity, a f ) and the superlattice periodicity (see the Supporting Information):
where a 0 is the "characteristic length" related to the gradient energy coefficients and the modified Landau coefficients, which can also be estimated by the width of the 180°domain wall δ, a 0 ∼ πδ/√2 (Supporting Information). At room temperature, for short period PTO/STO superlattices, a rough estimation gives a value of ∼3.2 nm for the "characteristic length". Since the shape of the vortex is largely controlled by the aspect ratio r, we plot it as a function of superlattice periodicity ( Figure 2 ). It can be seen that the aspect ratio decreases with increasing periodicity from both eq 6 and the phase-field simulation results. Compared with the vortex patterns in (PTO) 10 / (STO) 10 superlattices (Figure 1b,c) , the vortex cores in (PTO) 20 /(STO) 20 (left inset, Figure 2 ) are more elongated along the thickness direction than those in (PTO) 10 /(STO) 10 , 27 , respectively. The dashed line shows criterion 7. The vortex core is highlighted with a dotted ellipse which shows the elongation and the decrease of the aspect ratio with increasing superlattice periodicity n.
and it further elongates to resemble a classic 180°domain wall in a (PTO) 27 /(STO) 27 superlattice (right inset, Figure 2 ). The elongation of the vortex core with increasing size has also been captured experimentally by TEM polar mapping of (PTO) 16 / (STO) 16 superlattice and was shown in previous twodimensional phase-field simulations. 47 This comparison gives general good agreements between the analytical estimates (which partly ignored the complexity of the model system and originated from a simple quasi 2D model) and the phase-field simulations (which takes full consideration of the strain inhomogeneity and complex polar structure formation), which validates this relatively simple analytical model.
On the basis of eq 6, to ensure a physical solution (the square of aspect ratio r must not be negative) for the vortex state, a f and a 0 must satisfy ≥ a a f 0
Correspondingly, for superlattice periodicities where a f < a 0 (i.e., for n ≤ 8), the vortex state is unstable and inplane domains form. The upper bound for the vortex lattice is obscure because of the continuous nature of the vortex to fluxclosure transition, and we can only estimate the critical aspect ratio of r ∼ 0.3, below which the circular vortex core becomes a classic 180°type domain wall based on the phase-field simulation results given in the insets of Figure 2 . The condition for stabilizing the vortex structure can be derived by combining the lower boundary from eq 7 and the upper boundary by substituting r = 0.3 to eq 6:
Practically, the smooth circular-like rotation pattern can be expected where
Equations 8 and 9 give the condition on the range of superlattice periodicity for which vortex structure may be expected. In order to observe a nanoscale vortex structure, the "characteristic length" a 0 , which can be estimated by the 180°d omain wall width of the bulk crystal, should be some intermediate value. If it is too small, the stability window given by eq 8 will be too small so that this structure cannot be captured experimentally. On the other hand, a large a 0 leads to an increase in the threshold transition length where dramatic increase in the polarization rotation region would lead to a large increase in gradient energy, which will favor the simple a/c-type structure. It is worth noting that eq 8 bridges the stability of mesoscale vortex with intrinsic bulk ferroelectric material properties (i.e., domain wall width) that serves as an intuitive simple design rule for the discovery of vortex and other possible topological structures. It is also found that this rule not only works well for the current PTO/STO system and other lowdimensional PTO nanostructures but also serves as a generally good estimate for the length scale of vortex or vortexlike structures in other ferroelectric materials, e.g., BaTiO 3 The temperature effect can also be described by eq 6. With increasing temperature, the "characteristic length" increases, giving rise to an upward shift of the phase boundary between the a 1 /a 2 twin domains and vortex states. As a result, for a given periodicity, e.g., (PTO) 16 /(STO) 16 , a phase transition from vortex to a 1 /a 2 twins can be expected when temperature increases; such temperature-dependent phase transition was found by recent experimental results. Further reduction in the aspect ratio also indicates a lowering of symmetry, which is equivalent to the decrease in the k value as shown in Lukyanchuk et al., where the shape of the polarization domain changes from polyhedron-like to triangular-like. 53 To better understand the nature of length-scale effects, we explored the evolution of the polar state of the PTO layer as a function of superlattice periodicity through integrated computational−experimental observations. As revealed in Figure 3 , with increasing superlattice period, the total energy density of the lowest energy state decreases monotonically. The higher total energy density at lower superlattice periodicity is related to the decreased benefits from the Landau energy and is indicative of a decreased stability of the ferroelectric state. In this regime of length scales (up to n = 10), strong depolarization effects drive the system into a completely in-plane polarized ferroelectric a 1 / a 2 twin-domain structure (top left inset, Figure 3 ) over the elastically preferred c/a domain structure (corresponding to the domain structure observed in thick PTO film under strain condition from the DSO (110) o substrate 54 ), as revealed by both phase-field simulation and planar and cross-sectional TEM (Supporting Information). At the superlattice period n ≥ 10 (length scale of ∼4 nm), the formation of vortex states becomes feasible because of the lowering of the Landau and elastic energy density even at the expense of increased gradient energy contributions. This sets the lower-bound for the observation of vortex states in the system. Consequently, for superlattice period n ≥ 10, it adopts ordered configurations that involve an intimate balance among long-range elastic and electrostatic, as well as short-range polarization gradient effects. Thus, with increasing period from n ≈ 10 to n ≈ 16, we see that Figure 3 . Phase diagram and total energy density for the (PTO) n / (STO) n superlattice grown on the DSO substrate, as calculated by the phase-field simulations and verified experimentally. Insets: The top left shows the simulation and planar TEM result of in-plane view of a 1 a 2 twin-domain structure for n = 6. The middle left and right are the vortex structure for n = 10 from simulation and experimental TEM mapping, respectively. The bottom left and right insets are the cross sections of flux-closure structure for n = 50 from phase-field simulation and experimental TEM vector mapping, respectively. "SIM" and "TEM" stand for simulation and transmission electron microscopy data, respectively. the vortex state (middle inset, Figure 3 ) becomes favorable, and we predict a phase transition from the in-plane polarized a 1 /a 2 ferroelectric phase to an ordered vortex lattice. On the other hand, the transition from a vortex to a flux-closure domain structure (bottom inset, Figure 3 ) at large superlattice periodicity is continuous and a more subtle one.
From the energy point of view, the formation of a vortex at short-to-intermediate periods (e.g., n ≈ 10 to n ≈ 16) can be understood as a result of a balance between the individual energies: the combined effect of elastic and electric energies favors mixtures of in-plane and out-of-plane polarization, whereas the gradient energy is lower in the smooth rotating configuration (i.e., vortex) as compared to the structure with distinct domain walls (e.g., flux-closure) at short periods. The higher gradient energy in the flux-closure compared to vortex at lower periods can be understood, because the gradient energy density is much larger near the conventional domain walls (e.g., 180°and 90°walls in the tetragonal system) as compared to the smooth polarization rotation pattern in a vortex structure.
To further explore the role of the insulating STO layers, a phase diagram with varying STO layer thickness (i.e., (PTO) 10 / (STO) m ) and the analysis of the electric energy density of the two layers are calculated by the phase-field method, as shown in Figure 4 . With thin STO layers (e.g., m = 2) between the PTO layers, STO is highly polarized by the PTO layers because of the large internal field. As a consequence, the electric energy density inside the STO layer is highly negative because the internal electric field and polarization is in the same direction in this layer. Meanwhile, the electric energy density of PTO layers are highly positive with thin STO layers due to the depolarization effect, where the internal field in these layers are in the opposite direction with polarization. The significant polarization inside the STO layers serves as the bridge that connects the PTO layers; hence, an a/c twin structure forms, similar to the domain pattern for a PTO thin film grown on a DSO substrate, which forms to lower the elastic energy of the PTO layers. The polar phase of STO has been observed recently in both experiment and theory with a polarization up to 0.3 C/m 2 in ultrathin films. 55 Upon increasing the STO layer thickness, there is a monotonic decrease in the average polarization as well as in the internal field inside the STO layer, which decreases the magnitude of the electric energy density of the STO layers. In order to decrease the polar discontinuity at the interface, the vortex states are formed. The vortex state is often mixed with other states (e.g., a/c with thin STO layers while a 1 /a 2 at thick STO layers) to reduce the elastic and electric energies. With increasing of the STO layer thickness m, it is expected that the vortex ratio increases, which decreases the polar discontinuity at the PTO/STO interface as well as the electric energy density of the PTO layers. As the STO layer thickness increases further, the polarization in the STO layers vanish, which will eventually lead to the formation of a 1 /a 2 twin structure in an attempt to further reduce the electric and gradient energy of the PTO layer at the expense of increased elastic energy.
Ultimately, the importance of the STO layers can be addressed as follows: the polarizability of these layers could be used to tune the polar discontinuity as well as the strength of the depolarization field, in combination with the size effect. The stability of the ground-state polar vortex phase is strongly influenced by the magnitude of polarization in these layers, the variation of which could lead to a rich phase diagram. In general, a less polarizable intermediate layer with smaller polarization leads to a completely in-plane polarization state (i.e., a 1 /a 2 ) in the PTO layers to decrease the polar discontinuity at the interface and the electric energy of the system. A larger polarization in the intermediate layers leads to the formation of polarization states containing out-of-plane domains (i.e., a/c and even c + /c − ). Indeed, a recent experimental observation showed the transition from c-like domains with polarization curling to mixed c/a-like domains in an ultrathin PTO film with a bottom LSMO electrode, primarily due to the increase in the depolarizing strength for thinner films with incomplete electrode screening. 56 Thus, it might be more feasible to choose weak ferroelectrics instead of a purely paraelectric material to design tunable domain structures and properties by engineering the thickness or composition of these layers.
In summary, we established that polar vortex lattices can be stabilized at intermediate length scales in a paraelectric/ ferroelectric superlattices by manipulating the electrical, chemical, and mechanical energy contributions. On the basis of a simple analytical estimate and phase-field simulations, we provide a design rule to help identify the theoretical stability range for the vortex lattices. The role of each individual energy contribution in the formation of a vortex state is studied by calculating a size-dependent phase diagram. For the PTO/STO superlattice grown on a (110) o -DSO substrate, it is shown that elastic energy favors out-of-plane polarization of the superlattice while the electric energy (in particular the depolarization energy) tries to keep polarization in-plane. Meanwhile, electric energy prefers a small spatial spacing between the vortices as well as large thickness of the ferroelectric layers, whereas the polarization gradient energy favors uniform polarization or smooth polarization rotation and thus large spacing between vortices. These competing interactions lead to a transition from a 1 /a 2 twin polar states, to vortex lattice, and eventually to fluxclosure lattices with increasing superlattice periodicity. The role of STO layers is further explored within the (PTO) 10 /(STO) n phase diagram, indicating that the tunable depolarizing strength can help engineer multiple phases, and the existence of a weak ferroelectricity in the STO layer facilitates the formation of the vortex lattice. The calculated phase diagrams with various phases further suggest the possibility to switch between vortex and other phases under external stimuli, which might be of great importance in the design of next-generation electronic devices. Thus, our work not only contributes to the further understanding of polar domain formation mechanism in current (PTO)/(STO) superlattice systems but also stimulates future studies on developing superlattice-based novel material systems.
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